THE CLASSIFICATION OF ALL CROSSED PRODUCTS iJ4#fc[CJ 



A. L. AGORE, C.G. BONTEA, AND G. MILITARU 

Abstract. Using a purely computational approach we classify all coalgebra split ex- 
tensions of H4 by A:[C„], where C„ is the cyclic group of order n and H4 is Sweedler's 
4-dimensional Hopf algebra. Equivalently, we classify all crossed products of Hopf al- 
gebras k[Cn] by explicitly computing two classifying objects: the cohomological 
'group' (k[C„], H4) and CRP{k[Cn], H4) := the set of types of isomorphisms of all 
crossed products H4^ k[Cn]- More precisely, all crossed products H4^k[C„] are de- 
scribed by generators and relations and classified; they are 4n-dimensional quantum 
groups H4n,\,t, parameterized by the set of all pairs (A, t) consisting of an arbitrary 
unitary map t : Cn — >■ C2 and an n-th root A of ±1. As a bonus, the group of Hopf 
algebra automorphisms of ^4^, A,t is explicitly described. 



Introduction 

The second cohomology group H^(//, j4) classifies all extensions of an abelian group A 
by a group H, i.e. all groups G that fit into an exact sequence 1— )-^— >G— >•!. 
More precisely, each element / G }1^{H,A) is assigned with an extension Gf oi Ahj H, 
namely the crossed product Gj := A^^ H of A and H and the effective classification of 
all the extensions of A by is obtain after computing the group (H, A) . In group 
theory there is a well developed cohomological machinery [1] which allows, at least for 
some classes of groups A and H, to compute this cohomology group. Transferring this 
problem to Hopf algebras by considering group algebras over a field k, we obtain that 
any extension A hy H gives a coalgebra split extension of k[A] by k[H] in the sense 
of [21 Definition 1.2]. In fact, there is more: a Hopf algebra £^ is a coalgebra split 
extension of k[A] by k[H] if and only if = k[G], for a group G which is an extension 
of A by [21 Example 1.4]. This can be restated in a cohomological manner as follows: 
n'^{k[H],k[A]) ^ R'^{H,A), where n^{k[H], k[A]) is the cohomological 'group' for Hopf 
algebras. Thus, the classification of all coalgebra split extensions of a Hopf algebra A by 
a Hopf algebra H covers the extension problem from group theory. Now, if we replace 
the group algebra k[A] by another arbitrary Hopf algebra, say a noncommutative and 
noncocommutative Hopf algebra such as H4, things change radically as none of the 
classical cohomological techniques can be applied in this context. In other words, the 
cohomological object 'H'^{k[H], H/^) needs to be computed using a direct approach. 
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Let H4 be Sweedler's 4-dimensional Hopf algebra. In this paper we shall classify all 
coalgebra split extensions of H4 by i.e. all Hopf algebras E that fit into a se- 

quence Hi ^ E k[Cn] such that tt : E ^ k[Cn] splits as a coalgebra map and 
H4 ~ ii;™^^'^"]). Equivalently, we have to classify all crossed products of Hopf algebras 
k[Cn]- The fact that there is no efficient cohomology theory for arbitrary Hopf 
algebras led us to a purely computational approach in three steps. First of all we com- 
pute the set of all crossed systems (iJ4, fe[C„], o, /) between and A;[C„]. This is the 
first computational part of our strategy, quite laborious considering the large number 
of axioms that need to be fulfilled by the pairs (>, /) in order to provide a crossed sys- 
tem of Hopf algebras (i?4, A;[C„], >, /). Theorem 12.11 gives the following description: the 
set of all crossed systems of Hopf algebras {H^, k[Cn],>, f) is parameterized by the set 
CS{n,k) C U{Cn,C2) X k*, consisting of all pairs (t, A), where t : C„ — >■ C2 is an ar- 
bitrary unitary map and X £ k* is an n-th root of ±1. Thus there are at most n2"~^ 
crossed products of the form Hi^k[Cn] '■= Hin,\,t, for some (t, A) G CS{n,k) and they 
are described by generators and relations in Corollarv l2.3l - this is the second step of our 
approach. Finally, the last computational step uses [21 Theorem 2.1] as a tool: we shall 
classify all the above crossed products by explicitly computing the classifying objects 
H'^{k[Cn], Hi) and Crp {k[Cn], H4) := the set of types of isomorphisms of Hopf algebras 
of all crossed products H^^ k[Cn]- The explicit classification results are proven in Theo- 
rem [23] and Theorem 12. 6[ As an application, Corollary 12.71 provides the parametrization 
of AutHopf(-f^4n, A, <)) the group of Hopf algebra automorphisms of -ff4„,, a, 

Finally, we mention that a coalgebra split extension is a special case of the most general 
type of Hopf algebra extensions defined in [HJ Definition 1.2.0]. As explained in [Sj 
Section 5.2], it is a very difficult task to classify this general type of extensions and, to 
the best of our knowledge, the only example of such a classification is [Oj Lemma 2.8]. 
Our computational method, introduced in [2] and used in the present paper, is the most 
direct and natural way of approaching the classification of all coalgebra split extensions 
for two given Hopf algebras. This might not be the only way to approach the problem: 
for certain pairs of Hopf algebras A and H, the class of all coalgebra split extensions 
of ^4 by can be classified by using more elaborated methods such as the so-called 
lifting method [8]. However, for the lifting method [8] the base field k is required to be 
algebraically closed of characteristic while our approach works over an arbitrary field. 

1. Preliminaries 

Let G and H be two groups. In what follows ord{g) denotes the order of the element 
g £ G, \G\ is the order of G while Aut (G) stands for the group of automorphisms of G. 
U{G,H) will be the set of all unitary maps u : G H, i.e. n(l) = 1. A normalized 
2-cocycle is a map f : G x G ^ H such that 

/(I, g) = f{g, 1) = 1, f{g, h)f{gh, I) = f{h, l)f{g, hi) (1) 

for all g, h, I e G. The map f : G x G H, f{g,h) := 1, for all g, h e G, is called 
the trivial cocycle. The set of all normalized 2-cocycles is denoted by Z'^{G,H). Two 
cocycles / and /' are called cohomologous, and we denote this by / f« /', if there exists 
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a unitary map u : G ^ H such that 

f{9, a') = u{g) u{g') f'{g, g) u{gg')'^ 

for all g, g' ^ G. A normalized 2-cocycle / is called a coboundary if / is cohomologous 
with the trivial cocylcle, i.e. if there exists a unitary map u : G ^ H such that f{g, g') = 
fu{g,g') '■= u{g)u{g')u{gg')~^ , for all g, g' € G. "rs" is an equivalence relation on 
Z'^{G,H) and we denote by T-l?{G,H) := Z'^{G,H)/ ^ the corresponding factor set. If 
H is an abelian group then T-L'^{G, H) is a group called the second cohomology group of G 
with coefficients in if [T]. The following result is folklore: it describes all the normalized 
2-cocycles / : C„ x C„ — )■ C2. 

Proposition 1.1. Let n he a positive integer. There exists a bijection U{Cn,C2) — 
Z'^(Gn, G2) such that the 2-cocycle f = ft ■ Gn x C„ — t- C2 associated to the unitary map 
t S U{Gn,G2) is given by 

p=0 9=0 r=0 

for all i, j = 1, . . . ,n. 

Proof. The fact that ft is a normalized 2-cocycle follows from a straightforward compu- 
tation and moreover, ft can be written equivalently as: 

ft{c\ci) = t{c^)t{c') ■ ■ ■ t{d~') t{c^)t{(^+^) ■ ■ ■ t(c^+^-i) (3) 

for all i, j = 1, . . . ,n. The inverse of the map t ft is constructed as follows: let / : 
Cn X C„ — 7> C2 be a normalized 2-cocycle and define t = tj : Gn ^ C2, t{c^) := /(c, c-^), 
for all J = 1, . . . , n. Using the cocycle condition ([1]) and induction on i we easily obtain 
that ([3]) holds and the correspondence {f tf, 1 1— )• ft) is bijective. □ 

Crossed products of Hopf algebras. We shall review the construction of the crossed 
product of two Hopf algebras introduced in [TJ Lemma 1.2.10] as a special case of the 
cocycle bicrossproduct [Gj Theorem 2.20]. It can be also obtained as a special case of the 
unified product of [H Theorem 2.4, Examples 2.5(2)]. From now on k will be an arbitrary 
field and we shall use Cg) instead of (SDfc . For the comultiplication of a Hopf algebra we use 
Sweedler's S-notation with suppressed summation sign: A(a) = a(i) a(2). If A and H 
are Hopf algebras and f : H ® H ^ A \s z, A;-linear map, we denote f{g, h) = f{g (g) /i), 
for all g, h H. A A;-linear map > : H A A is called a weak action of H on A if for 
any a, b £ A, h H: 

lH>a = a (4) 
h>lA = eH{h)lA (5) 
h>{ab) = c> a)(/i(2) > (6) 

Let A and H be two Hopf algebras, f : H ^ H A a fc-linear map and > : H A A 
a weak action of H on A. We denote by A^^^H the fc- vector space A® H endowed with 
the following multiplication 

(a#c/) • ip#h) := 0(5(1) l>^)/(9(2),^(i)) #9(3)^(2) (7) 
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for all a, b (z A, g, h £ H , where 7^ stands for 0. The object A^^^H is called the crossed 
product of A with H if it is a Hopf algebra with the multiplication ([7]), the unit l^^ljy 
and the coalgebra structure given by the tensor product of coalgebras. [21 Proposition 
1.1] proves that Ajf'jH is a crossed product of A with H if and only if / and t> are 
morphisms of coalgebras satisfying the following compatibilities: 



f{KlH) = f{lH,h) = eH{h)lA (8) 

b(i) l>(^(i) l>a)]/(9(2),^2)) = /(5(i),/i(i))((ff(2)^(2))t>a) (9) 

t>/(^l),^(l)))/(5(2),^2)^(2)) = /(5(i),/i(i))/(5(2)/i(2),0 (10) 

9{i) ® (5(2) l> «) = 5(2) ® (5(1) > a) (11) 

5(i)/i(i) «>/(5(2),^(2)) = 9{2)h{2)® f{9(i),\i)) (12) 

for all a £ A, g, h, I £ H. In this case (A, i7, 0, /) is called a crossed system of Hopf 
algebras. The antipode of A^'jH is given by 

5(a#/i) := (^SA[f{SH{h^2)),h(^3))]#SH{h^i)))iSA{a)#lH) (13) 
for all a G yl and h £ H. 

A coalgebra split extension of Aby H ^\sa. triple {E, i, vr) consisting of a Hopf algebra E 
and two Hopf algebra homomorphisms i : A ^ E and n : E —?■ H such that f is injective, 
vr has a section as a coalgebra map and i(A) = := {x € | a;(i) 'E>vr(x(2)) = x(^l}. 

Two coalgebra split extensions {E, i, vr), (-E', i' , vr') of A by -ff are called equivalent if there 
exists an isomorphism of Hopf algebras ij) : E ^ E' that stabilizes A and co-stabilizes 
iJ, i.e. the following diagram 




is commutative. Any crossed product is a coalgebra split extension of ^ by via 
lA ■■ A ^ AiffH, iA{a) = a#lj7, for all a £ A, and tth ■ A#fH H, 7r/f(a#/i) = 
£A{ci)h, for all a G ^ and h £ H. Conversely, any coalgebra split extension of A by ii" 
is equivalent to a crossed product extension [A^^jH^jIa^t^h) of A by [21 Proposition 
1.3]. Thus, the classification of all coalgebra split extensions of A by if reduces to the 
classification of all crossed products A^^H. The classifying object for all coalgebra 
split extensions of A by ii is denoted by 'H^{H,A): the explicit construction of this 
cohomological 'group' is given in [21 Remark 2.4]. We denote by Crp{H, A) the set 
of types of Hopf algebra isomorphisms of all crossed products H associated to all 
crossed systems {A, H,>, f). Two equivalent extensions are isomorphic and hence there 
exists a canonical surjection 'H^{H,A) Crp{H, A). 
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2. The classification of coalgebra split extensions of 7/4 by k[Cn] 

Let /c be a field of cliaracteristic ^ 2, A;[C„] tlie group Hopf algebra of the cyclic group Cn 
of order n generated by c and let Hi^ be Sweedler's 4-dimensional Hopf algebra generated 
by the group-like element g and the (1, g')-primitive element x subject to the following 
relations 

= 1, = 0, xg = -gx 
We classify all coalgebra split extensions of H4, by k[Cn] following the strategy presented 
in the introduction: first, we describe explicitly all crossed systems (if4, /i;[C„], >, /), 
then we describe by generators and relations the associated crossed products and, fi- 
nally, we classify such extensions by computing the classifying objects ?^^(/c[C„], H^) and 
Crp(A;[C„], -ff4). To any unitary map t : C„ — )■ C2 we associate the function <Ti : N — ?> N 
defined by (Tt(0) = (Tf(l) := and for any positive integer j > 2 

,■^_{ 1 + ordt(c) • • • -Fordt(cJ-^) if 2\j 
"^^^-^^ \ ordt(c) + --- + ordt(cJ-i) if 2\j 

The following gives the parametrization of all crossed systems (1/4, A;[C„], >, /). 

Theorem 2.1. Let k he a field of characteristic 7^ 2 and n a positive integer. Then there 
exists a bijective correspondence between the set of all crossed systems of Hopf algebras 
{H4, k[Cn],>, f) and the set CS{n, k) C U{Cn, C2) x k* consisting of all pairs (t. A), where 
t : Cn C2 is a unitary map and A G /c* is such that A" = (— 

Under this bisection the crossed system (i/4, A;[C„], i>, /) corresponding to (i,A) is given 
by: 

>l = l, >g = g, (^>x = {-lY'^^^\^ x, c> > (gx) = {-l^'^^h^ gx (14) 

i-l j~l 

fic\c^) = llt{cnlltic'') n ticl (15) 

p=0 q=0 r=0 

for all i, j = 1, . . . ,n. 

Proof. We have to describe all pairs (>, /) of coalgebra maps i> : k[Cn] (8> -^4 H4 and 
/ : k[Cn] <Xi k[Cn] H4 that satisfy the compatibility conditions @-<^ and (f8])- p^ . 
For such a pair, the compatibilities (jlip -(jl2 p hold since k[Cn] is cocommutative. 

Let (>, /) be a pair such that {H4,k[Cn],>, f) is a crossed system. We will first prove 
that f{c^,c') € {1,5}, for all i, j = 1, . . . ,n, the corresponding map / : x C„ — >■ C2 = 
{l,g} is a classical normalized 2-cocycle of groups in the sense of ([T]) and the action of 
> : k [Cn] <8> H4 — > H4 is given by 

e'>l = l, c' > g = g, c' > x = Xj x, c' > (gx) = Xj gx (16) 

for all j = 1, . . . , n, where the scalars Xj E k are such that ([9]) holds, which in our case 
takes the equivalent form 

> {c^ > a)) f{c\ c^) = f{c\ ci){d+^ > a) (17) 

for all i, j = 1, . . . , n and a S H4. In the next step we will use Proposition 11.11 any 
classical normalized 2-cocycle / : x ^ C2 is implemented by a unique unitary 
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map t : Cn ^ C2 such that (fT5]) holds. Finally, using this description of /, we will prove 
that (HZD holds if and only if Xj = (-1)'^'(J)a{, for ah j = l,...,n, and = 
This will finish the proof. 

First, since / : k[Cn] <8) fc[C„,] — >■ H4 is a coalgebra map, /(c*, e') is a grouplike element in 
i?4. Therefore f{d,c^) £ {^,g}, for alH, j = 1, . . . , n. Hence, / is uniquely determined 
by its restriction to C„, which we will also denote by / : x C„ — > C2. Similarly, 
as > : k[Cn] ^ H4 — > is a coalgebra map, we obtain that e' > <^ € {l,g}, for all 
j = l,...,n. We claim that c? \> g = g, for all j = Indeed, assume that 

e' > 3 = 1, for some j = 1, . . . , n. Applying (jl7p for i := n — j and a := g and taking into 
account the normalizing condition ([8]), we obtain f{c'^~^, c') = f{c"'~^, c') g, which gives 
a contradiction as Im(/) C {1, (7} and g^ = I. Therefore, > g = g, for all j = 1, . . . , n. 

Using once again that > is a coalgebra map and the fact that x is a (1, <^)-primitive 
element of -ff4 we obtain that c-' > x is also an (1, (7)-primitive element of H4. Hence, 
using [3j Lemma 4.2], we obtain that >x = fij — fijg + XjX, for some scalars nj, Xj G k. 
From this formula of c-' > x and the compatibility condition ([6|) we obtain 

= > (x^) = (c' x){c' >x) = 2/u| - 2/i|5( + 2fijXjX 

Thus fij = and > x = Xjx, for all j = 1, . . . , n. Applying ([6]) once again we obtain: 
> (gx) = {c^ > g){c' \>x) = Xjgx. Thus, the formula (|16p holds. Now, the compatibility 
condition (fTOj) is equivalent to 

(c* > /(c^, c^^)) /(c^ c^+'=) = f{c\ (^)f{d+^,C^) 

for all i, j , k = 1, . . . ,n. Since c* l> f{c^, c^) = f{c^, c^)-, for all i, j and k, the condition 
(jlOP is, thus, equivalent to the fact that / : Cn x Cn ^ C2 is a usual normalized 2-cocycle 
for groups in the sense of ([1]) . It follows then from Proposition 11.11 that there exists a 
unique map i : Cn — >■ C2 such that t(l) = 1 and 

/(c^c'■)=^^(o^*(^') fi *(^'') 

p=0 g=0 r=0 

for all i, J = 1, . . . , 71. In particular, /(c, c-') = t{c'), for all j = 1, . . . , n. 

With the information collected so far on / and \> we turn now to the compatibility 
condition (I17p and see when it is satisfied: this is in fact the last compatibility that 
needs to be fulfilled in order for (i?4, A:[Cn], >, /) to be a crossed system of Hopf algebras. 
We notice that (I17p holds automatically if o = 5, since d>g = g, for alH = 1, . . . , n. On 
the other hand, using (117p for a = x and d = = c we obtain 

Xlxf{c,c) = f{c,c)X2X 

Multiplying to the left by f{c,c) = t{c) € {1,5} we obtain 

A2X = A2/(c,c)x/(c,c) = (-1)1+-^/(^'^)a2x 

Thus, A2 = (— 1)'^**^^) Af . By writing (fTTP for (c, c^) and a = x we obtain that AiA2x/(c, c^) = 
/(c, c^)A3X, from which we deduce: 

A3X = AiA2/(c, C2)x/(C,C2) = (_l)ord/{c,c)+ord/(c,c2)^3^ 
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Thus, A3 = (-l)'^«(3);y3^ By induction, it follows that \j = for all j = 

2, . . . , n — 1. Applying (fT7|) for (c, c^~^) and a = x, we obtain that AiA„_ix/(c, c'"~^) = 
f{c,c^~^)x, which is equivalent to 

X = AiA„_i/(c,c"-^)x/(c,c"-i) = {-ir^^^Xlx 

Thus, A^' = as needed. 

Conversely, let A G A; be such that A" = and define \j := {-ly^^^'^XK Then we 

can prove that (jl7p holds. Indeed, it suffices to see that (jl7p holds for a = x. Observe 
first that, since (-1)<^'("+J) = W+'^tO), we have d^+i t> x = (-1)'^*("+J)A"+Jx, and 

thus, > X = (— 1)°'*(-')A-'x, for all non-negative integers j. Secondly, 

X t(c) i(c2) • • • t{c>-^) = (-l)l+°'-^*(^)i(c) X i(c2) • • • t{(^"^) 



= {-iY'^^h{c)t{c^)---t{(^~^)x 

Using this formula, we have 

(c^ > {c> \>x))f{c\(^) = (-1)'^'(*)+'^'(^)A^+^x/(c*,c^') 

i~l j-1 i+j-l 

p=0 q=0 r=0 

= (_X)2o-t{j)+2(Tt{i)+o-t{j+j)^j+j j^gi^ 

= f{c\c^){d+^>x) 

which proves our assertion and completes the proof. □ 

Remark 2.2. If ti € U{Cn,C2) is the trivial map, i.e. ti(c*) = 1, for any i = 1, . . . ,n — 1, 
then 2 | at^{j), for all j > 0. Then the crossed systems {H4,k[Cn],>, f) corresponding 
to (ti, A), A" = 1, are precisely the matched pairs of Proposition 4.3]. 

Next we describe by generators and relations all crossed products H^^klCn] associated 
to the crossed systems from Theorem 12.11 We need to introduce the following notation: 
for any i, j = 1, . . . , n — 1 we shall denote hy j -ki the following number 



j + i if j + i <n 
j + i — n if j + i > n 



Corollary 2.3. Let k he a field of characteristic 7^ 2 and n a positive integer. Then 
a Hopf algebra E is isomorphic to a crossed product of Hopf algebras H4^k[Cn] if and 
only if E = Hin,x,t, for some (i,A) G CS{n,k), where we denote by H4n,x,t the tri- 
dimensional Hopf algebra having {di, gdi, xdi, gxdi | i = 1, . . . , n} as a k-basis, the unit 
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1 = dn and the multiplication is subject to the following relations: 

= 1, = 0, xg = -gx, dig = gdi 

dix = i-iy^''^ X'xdi, djdi = t{c)---t{c^-^) t{c')t{c'-^^)---t{c'+^-^)dj^i 

for all i, j = 1, . . . ,n — I. The coalgebra structure and the antipode on H4n,x,t cli"^ given 
by: 

A(s') = 9'S>g, Aidi) = diiS) di, A{x) = x ® I + g ® x, e{g) = e{di) = 1, 

i-l 

e{x) = 0, S{g)=g, S{x) = -gx, S{di) = d^.^ H t{cP)t{c^~'~P) 
for all i = 1, . . . , n — 1. 

Proof. The Hopf algebra H^n, a, t is the crossed product #j k[Cn] associated to the pair 
{t, A) as in Theorem 12.11 Up to canonical identification, the crossed product k[Cn] 
is generated as an algebra hyg = g^l,x = xf^l and di = l^d for i € {1, . . . , n}. As 
i?4 is a Hopf subalgebra of H4n,x,ti the relations g'^ = 1, x^ = and gx = —xg also hold 
in H4n,x,t- Now, in the crossed product ff4#jA;[C„] the following relations hold: 

d,g = (l#d){g#l)=d>g#d=g#d = {g#l)(l#c')=gd, 

diX = (l#c*)(x#l) = cV2;#c* = A*x#c* = (-l)'"*WA^x(ii 

d,d, = (1 # C' KI # = f{c^, d) #C^-+^ = t{c) ■ ■ ■ t{(^~^) tid)t{d+') . . . tid+^~^) dj^i 

for all i, j = 1, . . . ,n — 1. The formula for the antipode follows from (jl3p . □ 



Next we shall give necessary and sufficient conditions for two Hopf algebras H^n,x,t and 
H4n,x',t' to be isomorphic. We recall from [31 Lemma 4.6] that Aut Hopf (-^^4) — k*: 
explicitly, any automorphism u : — )> is of the form 

u{g) = g, n(x) = /3x, u{gx) = Pgx (18) 

for some non-zero scalar (3 ^ k* . It what follows, the automorphism u of Hi^ implemented 
by /3 € A;* as in (fT8]l will be denoted hy u = Ujj. 

Theorem 2.4. Let k he a field of characteristic ^ 2, n a positive integer and (t,A), 
(t', A') G CS{n,k). Then there is a bijective correspondence between the set of all Hopf 
algebra isomorphisms ip : H4n,x,t ~^ H^n,x',t' o-''^d the set of all triples (/?, r, s) € k* x 
U{Cn,C2) X {s G {l,...,n — 1}| gcd(s,n) = 1} satisfying the following compatibility 
conditions for any i, j = 1, . . . ,n : 

i—l is— I 

Ylt{c^)t{cP+^) = r{d)r{c')r{c'+^) J] t'(c«) t'(c«+J'^) (19) 

p=0 q=0 

Under the above bisection the isomorphism tp = V'(/3,r,s) • H4n,x,t -ff4n, A',t' correspond- 
ing to (/3, r, s) is given by 

i^{a#e) = up{a)r{e)#d'^ (21) 
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for all a € and i = 1, . . . ,n. 

Proof. Let (H^, k[Cn], >, ft) and {H4, k[Cn], ft') be the crossed systems corresponding 
to {t, A) and respectively (t', A') given in Theorem 12. 1[ Then H^^ xj = ^^^'ft ^i^n] and 
Hin,x'.t' = Hiff^l^^ k[Cn]- By [21 Theorem 2.1], the set of all Hopf algebra morphisms 
^ : Hin,\,t — ^ Hin,X',t' is in bijective correspondence with the set of all quadruples 
{u,p,r,v), where p : — > k[Cn] is a Hopf algebra map, u : — > H4, r : k[Cn] H4 
and V : k[Cn] — > k[Cn] are unitary coalgebra maps satisfying the following compatibility 
conditions: 

(CPl) u(a(i)) (g)p(a(2)) = n(a(2)) (g)p(a(i)) 

(CP2) r(/i(i)) ® v{\2)) = r{\2)) ® ^(^i)) 

(CPS) u{ab) = u(a(i)) (p(a(2)) >' u{h(i)))f' (p(a(3)), p(6(2))) 

(CP4) =p(/(/i(i), (7{i)))t'(^2)5{2)) 

(CPS) t;(/i)p(a) =p(/i(i) >a)w(/i(2)) 

(CP6) r(/i(i))(^(/i(2))>'r(g(i)))/'(t;(/i(3)), ^;(5(2))) = 

u{f{h^i), 9(i)))(p{fih(2), 9i2))>'rih^4)9{4)))f' (p(/(^{3):5'(3))> ^(^(5)5'{5)))) 

(CP7) r(/i(i))(t-(/i(2)) n(a(i))) /' (t;(/i(3)), p(a(2))) = 

n(/i(i) a(i)) (p(/i(2) a(2)) >' r(/i(4)))/' {p{h^s) > 0(3)), t;(/i(5))) 

for all a, h ^ H4, g, h ^ A;[C„]. The correspondence is such that the morphism ip = 

tp(u,p,r,v) associated to {u,p,r,v) is given by 

^(a#/i) = u(a(i)) (p(a(2)) >' r{h(^i)))f' (p(a(3)), u(/i(2))) #'p(a(4)) u(/i(3)) 

for all a € i/4 and all h € A:[Cn]. We will show that, under this bijection, isomor- 
phisms correspond precisely to quadruples {u,p, r, v), where p : H4 k[Cn] is the trivial 
morphism, u : H4 — )■ H4 and v : k[Cn] — > k[Cn] are Hopf algebra automorphisms and 
r : /c[C„] — )■ -ff4 is a unitary coalgebra map such that the following two conditions are 
satisfied: 

ft{c\ci) = r{d)r{c^)r{d+^)f4v{d),v{ci)) (22) 
u{c' > a)r{c') = r(c*) {v{d) >' u{a)) (23) 

for all i = 1, . . . ,n and a G H4. At the end we will see that such quadruples are in 
bijection with triples (/3, r, s) G k* x U{Cn,C2) x {s G {1, • • • , n — 1} | gcd(s,?i) = 1} 
such that (|19p and (I20p are satisfied. 

Suppose first that V = '^{u,p,r,v) '■ -f^4#/t^[C'n] ^ -f^4#/',^[C'n] is an isomorphism corre- 
sponding to {u,p,r,v). Thus p : H4 k[Cn] is a Hopf algebra map; it follows from [Sj 
Lemma 4.6] that p{x) = and p{gx) = 0. In particular, we have 

^(x#l) = n(x)#p(l) + u{g)#p{x) = u{x)#l 
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As ip is an isomorphism, u{x) must be non-zero. Looking at (CPl) for a = x and taking 
into account that p{x) = and u{x) 7^ we obtain p{g) = 1. Thus, p : H4 — )■ k[Cn] is 
the trivial morphism: p{z) = £(2:)!, for all z € H4. Thus, the compatibility conditions 
(CPl) and (CP5) hold automatically while (CP2) holds since k[Cn] is cocommutative. 
Moreover, (CPS) is equivalent to the fact that u : H4 — > H4 is a Hopf algebra morphism 
and (CP4) is equivalent to v : k[Cn] k[Cn] being a Hopf algebra morphism. Since 
u{x) 7^ 0, it follows from [31 Lemma 4.6] that u : H4 — )• H4 is an automorphism of H/^. 
Using O Corollary 2.2] we obtain that v : k[Cn] — > k[Cn] is also an automorphism of 

k[Cn]- 

It remains to show that (j22p and (j23|) hold. We claim that, in fact, these are exactly 
(CP6) and (CP7) written in an equivalent form. Indeed, taking into account that p is 
the trivial map, we have that (CP7) is equivalent to the compatibility condition (j23p . 
while (CP6) is equivalent to 

r{c'){v{c')>' r{ci))ft'{v{c'),v{(^)) = u{ft{c\ci))r{c'+^) 

for all i, j £ {1, . . . ,n}. Now r : k[Cn] — > is a coalgebra map, hence r(c*) € {l,g}, 
for all i. Since v{d) € C„ and the elements of C„ act, via trivially on {l,^}, we have 
v{d) >' r{c') = r{c'), for all i and j. Furthermore, ft{c^,c') € {l,^} for all i and j, and 
m(1) = 1 and u{g) = g, hence, u[f{d,c^)^ = f{d,c^), for all i and j. These remarks 
show that (CP7) is equivalent to 

r{d)r{ci)ft:{v{c'),v{ci)) = ft{c\(^)r{^+^) 

for all i, j = 1, . . . , n, which is equivalent to (j22p . 

Conversely, let {u,p,r,v) be a quadruple with p : H4 — ?> k[Cn] the trivial morphism, 
u : H4, H/i and v : k[Cn] — > k[Cn] Hopf algebra automorphisms and r : k[Cn] -^4 
a unitary coalgebra map satisfying (I22p and (I23p . We will prove that the compatibil- 
ity conditions (CP1)-(CP7) are satisfied. Indeed, (CP1)~(CP5) are trivially fulfilled. 
(CP6) and (CP7) are equivalent, as we have seen, with ([22]) and (f23]l . Thus, {u,p,r,v) 
determines a Hopf algebra morphism ^ : Hijj^^^k{Cn] — > ^4#j,^[C'n]5 given by 

^{a#h)=u{a)r{h^i)Wv{h(^2)) 

for all a G and h G A:[C„]. Since u and v are isomorphisms it follows from [2| Corollary 
2.2] that tp is an isomorphism. 

To conclude, we have established a bijective correspondence between the set of all Hopf 
algebra isomorphisms : -ff4n, A,t Hin,\',t> and the set of all quadruples {u,p,r,v) 
consisting of the trivial morphism p : H4 — > A;[Cri], two Hopf algebra automorphisms, 
u : Hi — )• Hi and v : k[Cri\ — > ^[C^], and a unitary coalgebra map r : /c[C„] — > H^ 
that satisfy ()22p and (j23p . These quadruples are, in turn, in bijection with the set of 
ah triples (/3, r, s) G fc* x U{Cn, C2) x {s G {1, . . . , n — 1} | gcd(s, n) = 1} such that the 
compatibility conditions (jl9p and (j20p are fulfilled. Indeed, for any u G Aut Hopf (-^^4) 
there exists a unique fi (z k* such that n = and for any G Aut Hopf (^[C'n]) there exists 
a unique s G {1, . . . , n — 1}, gcd(s, n) = 1, such that v{d') = c*'^, for alH = 0, . . . , n — 1. 
Furthermore, any unitary coalgebra map r : k[Cn] — > H4 is uniquely determined by a 
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unitary map C„ — > C2 = {1,^} which we still denote by r. Therefore (fT9|) and (120]) are 
nothing but ()22p and (123p in terms of t, t', /3, r and s. □ 

Remark 2.5. Although condition (jl9p is given in terms of t', r and s, in practice it 
is rather difficult to work with. In such a situation, it is more convenient to consider the 
equivalent condition (|22p which says that the normalized 2-cocycles ft and fti o [v x v), 
where v is the automorphism of C„ associated to s, are cohomologous and that the 
coboundary by which they differ is the one associated to r. 

The main result of the paper is the following theorem: 

Theorem 2.6. Let k be a field of characteristic 7^ 2 and n a positive integer. Then: 

(1) There exists a bisection between l-l?{k[Cn], H^) and the quotient set CS{n, k)/~, where 
« is the equivalence relation on CS{n, k) defined by: (t,A) (i',A') if and only if there 
exists r G U{Cn, C2) such that for all i, j = 1, . . . ,n 

i-1 i-1 

JJt(cP)t(cP+^) = r{d)r{c^)r{d+^)Ylt'{ci)t'{c''+^) (24) 
p=0 g=0 

(2) There exists a bisection between Ckf {k[Cr^^H^) and the quotient set CS{n, k)/=, 
where = is the equivalence relation on CS{n,k) defined by: {t,X) = {t',X') if and only if 
there exists {13, r, s) £ k* x U{Cn, C2) x {s G {1, . . . , n — 1} | gcd(s, n) = 1} satisfying the 
compatibility conditions (|19p and (j20p . 



Proof. It follows from Theorem 12.11 and Theorem 12.41 For (1) we use the fact that 
the isomorphism ip = il^(^p^r,s) '■ Hn.t.x — ^ Hn,t',\' associated to the triple {P,r,s) G 
k* X U{Cn, C2) X {s G {1, . . . , n — 1} I gcd(s, n) = 1} stabilizes if and only if /3 = 1 
and co-stabilizes fc[C„J if and only if s = 1. □ 

Theorem 12.41 allows us to give a description of the automorphisms of H^^.x.t- We de- 
note, in what follows, by Vg the automorphism of C„ associated to s G {1, . . . ,n — 1}, 
gcd(s,n) = 1, given by fs(c*) = c**, for all i. We also note that {U{Cn,C2), •) is an 
abelian group with point-wise multiplication. 

Corollary 2.7. The group Aut Hopf (-f^4n,A,i) of all Hopf algebra automorphisms is param- 
eterized by the set of all triples {(3, r, s) G k* xU{Cn, C2) x {s G {1, . . . , n— 1} | gcd(s, n) = 
1} satisfying (fT9]l and (f20P with (A',t') = (A, t). The automorphism of Hin,\,t correspond- 
ing to (/?, r, s) is 

for all a G H4 and i = 1, . . . ,n. In particular, there exists an embedding 

Aut Hopf (^4n,A,t) X {U{Cn,C2) X j Aut (C„)) 

where U{Cn,C2) Xf Aut(C„,) is the semidirect product associated to f : Aut(Cn) — >■ 
Aut{U{Cn,C2)), f{v){p)=pov,forallp£U{Cn,C2) and v & Aut {Cn) ■ 
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Proof. The first assertion follows from Theorem 12.41 If '4'(oi,p,q) and 'i/'{/3,r, s) are two 
automorphisms of H4n,x,t, then, using the fact that Ua is a homomorphism which acts 
as the identity on {l,g}, we have 

'^{a,p,q) °'^{p,r,s){a#c') = ^^(o, g) (u^ (a)r (c*)# (c*)) 

= Ua{ufj{a)r{c'))p{c'')#VgVs{d) 

= Uaf}ia)r{c'){povs){c')#v,nic') 

= V'(a/3,r-(poi,s),m)(a#C*) 

where m is such that Vm = VgVq. This shows that 

r : AutHopf(^4n,A,0 ^ ^* X HCn,C2) X/ Aut(Z„)), r(V'(/3, r, .)) = (/?, (r, r;,)"^) 
is a one-to-one homomorphism of groups. Indeed, 

= (a/5, {r- ipoVs),Vm)~^^ 
= (a/5, {ir,Vs)ip,Vg)y^^ 
= {a,{p,vgy'){l3,{r,vsr') 

= r(V'(a,p,5))r(V'(/3,r,s)) 

which proves our claim and concludes the proof. □ 

Example 2.8. As it can be easily seen from Theorem l2.6l the description of the classify- 
ing objects 'H'^{k[Cn\, H4) and CRP(fc[C,i], H^) depends on the arithmetics of the positive 
integer n. We describe below the two classifying objects for n = 2 - this can serve as a 
model for other values of n. Let A; be a field of characteristic 7^ 2. Then: 

(1) If -1 ^ then 'H'^{k[C2],H4) ^ CRp{k[C2], H^) = { i/4 ^[^2] }• 

(2) If -1 = C^ C e k, then 7e{k[C2],Hi) ^ CKv{k[C2], H^) = {Hi®k[C2], Hs,<;}, 
where i^s, c is the 8-dimensional Hopf algebra having {l,g,x,gx,d,gd,xd,gxd} as a k- 
basis, with the multiplication subject to the following relations: 

g'^ = 1, = 0, d^ = g, xg = —gx, dg = gd, dx = (xd 

and the coalgebra structure such that g and d are group- like elements and x is (1,5)- 
primitive. 

Indeed, U{C2,C2) = {^1,^2}, where ti(c) = 1 and t2{c) = c. Then o"t^(2) = 2 and 
a"i2(2) = 3. Thus, 

r<;(9k\-l {{ti,l)Atu-l)} if -Hk^ 

L^>[Z, /Cj - I ^^^^^ ^^^^ ^^^^ ^^^^ _1 = ^2^ ^ g ^ 

It is easy to see that ~ (ti,— 1) and (i2,C) ~ (*2,— C), the map r € U{C2,C2) 

satisfying (|24|) and (f25]) . being, in both cases, r = t2- Since the normalized 2-cocycles, 
/t^ and ft2, associated to ti and t2 are not cohomologous, and the s from (fT9l) can take 
only the value 1, we obtain using Remark [2. 5 1 that (ti, 1) ^ {t2, ()■ Thus, {ti, 1) !^ (^2, C), 
also. Finally, the description of -ffs, c follows from Corollary 12. 31 
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